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In this paper, we propose a general method for controlling chaos in a nonlinear dynamical system
containing a state-dependent switch. The pole assignment for the corresponding discrete system
derived from such a non-smooth system via Poincare´ mapping works eﬀectively. As an illustrative
example, we consider controlling the chaos in the Rayleigh-type oscillator with a state-dependent
switch, which is changed by the hysteresis comparator. The unstable 1- and 2-periodic orbits in the
chaotic attractor are stabilized in both numerical and experimental simulations.
1 Introduction
In recent years, the study of chaotic nonlinear dynamical systems has seen rapid expansion and
particularly the subject of controlling chaos has received considerable attention toward engineering
applications. Since there are an inﬁnite number of the unstable periodic orbits (UPOs) are embed-
ded in a chaotic attractor, the general concept of controlling chaos is how to stabilize an inherent
UPO by applying a small parameter perturbation to the chaotic system. It is observed that many
current approaches in accomplishing this task are based on the OGY method [Ott et al., 1990], af-
ter which various eﬀective control methods have also been developed [Hunt, 1991, Pyragas, 1992,
Chen & Dong, 1993, Ueta & Kawakami, 1995].
On the other hand, there have been numerous theoretical and experimental investigations on con-
trolling chaos for piecewise linear systems [Poddar et al., 1995, Saito & Mitsubori, 1995, Bernardo & Chen, 1999,
Bueno & Marrero, 2000, Bernardo, 2000, Kousaka et al., 2001]. However, there are very few methods
being developed in the literature for controlling chaos in systems with a non-smooth nonlinearity.
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For the control of such systems, we propose a general method that can stabilizes an UPO embedded
in a nonlinear dynamical system containing a state-dependent switch. The basic idea of this method is
based on our previous work [Ueta & Kawakami, 1995], where we proposed a stabilization method for
UPOs of nonautonomous systems. However, this piece of work only considers the continuous systems
with insuﬃcient experimental results. In this paper, we further modify and extend this method and
apply it to discontinuous systems.
First, we derive a composite discrete mapping as the Poincare´ mapping. By using the Newton
and Runge-Kutta methods, we can calculate the Jacobian and the associate diﬀerential equation,
from which we can obtain the location of unstable periodic points (UPPs) of the system. Using this
information, the controller is then designed with the conventional linear control technique.
Next, we consider experimental control of a speciﬁc piecewise nonlinear system, using which we
describe the control method in detail. We explain the behavior of the circuit and the design of the
controller with a composite Poincare´ mapping.
Finally, we show how to stabilize the unstable 1- and 2-periodic orbits of the chaotic attractor by
both numerical and experimental simulations.
2 Construction of the Controller
Consider m autonomous diﬀerential equations:
dx
dt
= fk(x,λ,λk), k = 0, 1, 2 · · · ,m− 1, (1)
where，t ∈ R，x ∈ Rn. λ ∈ Rr is a common parameter for f0,f1, . . . ,fm−1 and λk ∈ Rs is a
parameter depending only on fk. Assume that fk is a C∞-class map for any variables and parameters.
Deﬁne the local section Πk given by a scalar function qk:
Πk = {x ∈ Rn | qk(x) = 0} k = 0, 1, 2 . . . ,m− 1. (2)
When the orbit, which started from the local section Πk, passes the local section Πk+1, the equation
will change from fk to fk+1. This action can be easily realized by a state-dependent switch.
Assume that each solution of Eq. (1) is:
xk(t) = ϕk(t,xk−1,λ,λk)
xk = (xk1, xk2, . . . , xkn).
(3)
Figure 1 shows the behavior of the trajectory.
Based on the above conditions, deﬁne the following m mappings:
T0 : Π0 → Π1
x∗0 → x∗1 = ϕ0(τ0(x∗0),x∗0,λ∗,λ∗0),
T1 : Π1 → Π2
x∗1 → x∗2 = ϕ1(τ1(x∗1),x∗1,λ∗,λ∗1),
· · ·
Tm−1 : Πm−1 → Π0
x∗m−1 → x∗0 = ϕm−1(τm−1(x∗m−1),x∗m−1,λ∗,λ∗m−1),
(4)
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where the motion of the switch depends on the state of Eq. (1).
Note that the unstable ﬁxed point exists locally on both sides of the switching manifold. This
means that the system ﬂow is continuous inside each region, but is discontinuous on the switching
manifold.
Assume that this orbit has a chaotic attractor, x∗k, which is an unstable ﬁxed point in the chaotic
attractor, and use λ0 as the controlling parameter. The period of the unstable 1-periodic orbit is
obtained as
τ =
m−1∑
k=0
τk. (5)
Now, we can treat system (1) as the discrete system (4). We then try to stabilize the speciﬁed
1-periodic UPO by adding a control input, u, during one mapping among every m mappings. The
variational equation around the ﬁxed point is described by the following relationship:
x(k) = x∗m + ξ(k), λ(k) = λ∗0 + u(k),
x(k + 1) = x∗1 + ξ(k + 1), λ(k + 1) = λ∗1,
x(k + 2) = x∗2 + ξ(k + 2), λ(k + 2) = λ∗2,
· · ·
x(k + m− 1) = x∗m−1 + ξ(k + m− 1), λ(k + m− 1) = λ∗m − 1,
x(k + m) = x∗m + ξ(k + m), λ(k + m) = λ∗0 + u(k + m),
· · · .
(6)
The corresponding diﬀerence equations derived from every Tk mapping are written as
ξ(k + 1) = Amξ(k) + Bmu(k),
ξ(k + 2) = A1ξ(k + 1),
· · ·
ξ(k + m− 1) = Am−2ξ(k + m− 2),
ξ(k + m) = Am−1ξ(k + m− 1),
ξ(k + m− 1) = Amξ(k + m) + Bmu(k + m),
(7)
where Ak and Bk show the derivatives with respect to the initial value and the parameter λk, respec-
tively.
Ak =
∂Tk
∂x

∣∣∣∣
t=τk ,=
∗
k,=
∗,k=∗k
,
Bk =
∂Tk
∂λ

∣∣∣∣
t=τk ,=
∗
k,=
∗,k=∗k
,
k = 0, 1, 2, · · · ,m− 1.
(8)
By utilizing the periodicity of the switching action, we deﬁne the composite Poincare´ map by
T = T0 ◦ T1 ◦ · · · ◦ Tm−1. (9)
From Eq. (9), the diﬀerence equation for the unstable ﬁxed point is described by
ξ(k + m) = Aξ(k) + Bu(k), (10)
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where
A = Am−1Am−2 · · ·A2A1Am,
B = Am−1Am−2 · · ·A2A1Bm.
(11)
The derivative of the Poincare´ map A is equal to the product of the derivative of the maps Tk:
A =
∂T
∂x∗0
∣∣∣∣
t=τ
=
m−1∏
k=0
∂Tk
∂x∗k
∣∣∣∣∣
t=τk
, (12)
∂Tk
∂x∗k
=

In − 1∂qk
∂x
fk
fk
∂qk
∂x

 ∂ϕk
∂x∗k
, (13)
where at least one of the characteristic multipliers of A is unstable by assumption, and In is the n×n
identity matrix.
Now, we design the controller at the (n − 1)-dimensional local section Π0. Assume that Σ is an
(n− 1)-dimensional local coordinate in Π0. Then w ∈ Σ ⊂ Rn−1 is given by
x01 = w1, · · · , x0(n−1) = wn−1, x0n = s(w1, · · · , wn−1). (14)
We deﬁne the parameterization h−1 as
h−1 : Σ → Π0
w → h−1(w) = (w1, · · · , wn−1, s(w1, · · · , wn−1))
. (15)
where s is the function derived from Eq. (2). We also deﬁne the projection h as follows:
h : Π0 → Σ
(x01, · · · , x0n) → (x01, · · · , x0(n−1)).
(16)
Then, the Poincare´ map T in Σ is expressed as
T : Σ → Σ
w → h ◦ T ◦ h−1(w). (17)
The diﬀerence equation in Σ is obtained as
ξ′(k + 1) = A′ξ′(k) + B′u(k), (18)
where
A′ =
∂T
∂w0
=
∂h
∂x
∂T
∂x0
∂h−1
∂w
,
B′ =
∂T
∂λ0
=
∂h
∂x
∂T
∂λ0
.
(19)
Stabilities of the ﬁxed point and the periodic points are calculated by the characteristic multipliers of
the characteristic equation∣∣A′ − µIn−1∣∣ = 0. (20)
We construct the state feedback matrix C′ such that ξ′(k) becomes stable:
u(k) = C′ξ′(k) = C′(w(k)−w∗), (21)
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where C′ is the control gain (r × (n− 1)).
Based on ξ, we may assign only (n−1) poles. The controlled system and the characteristic equation
can be expressed as
dx
dt
= fk(x,λ,λ∗0 + C
′ξ,λk), k = 1, 2, · · · ,m− 1, (22)
∣∣∣A′ + B′C′ − µIn−1∣∣∣ = 0. (23)
From Eq. (23), the orbit is stabilized by the conventional linear control technique with stable pole
assignment for any target unstable ﬁxed point. To do so, as is well known, if the controllability
condition of Eq. (19) is satisﬁed, i.e.,
rank
[
B′
∣∣ A′B′∣∣ A′2B′∣∣ · · ·|A′n−1B′] = n− 1, (24)
then Eq. (1) can be stabilized by the state feedback of Eq. (21).
The control input is added to the system only when the following condition is satisﬁed:
||x− x∗0|| < δ, δ > 0. (25)
From the ergodic characteristics of the chaotic attractor, we expect that the orbit eventually visits this
neighborhood within a reasonable time interval. When the orbit reaches the δ-neighborhood of the
unstable ﬁxed point, then it is stabilized by applying the control parameter perturbation described
above.
3 Controlling Chaos of the Alpazur Oscillator Containing a State-
depended Switch
3.1 System description
Consider the experimental control of the Alpazur oscillator containing a sate-dependent switch, as
shown in Fig. 2 [Kawakami & Lozi, 1992].
Note that this circuit has a switch and a nonlinear resistor. This ensures that it is impossible to
obtain ﬁxed or periodic points by using the exact solution. After rescaling, we obtain
τ =
1√
LC1
t, (26)
and the circuit equations become:
SW:a


di
dτ
= −
√
C1
L
(ri + v) = F0,
dv
dτ
=
√
L
C1
(i−G(v) + E1 − v
R0 + R1
) = G0,
(27)
and
SW:b


di
dτ
= −
√
C1
L
(ri + v) = F1,
dv
dτ
=
√
L
C1
(i−G(v) + E2 − v
R0 + R2
) = G1,
(28)
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where the characteristics of the nonlinear resistor is assumed as
G(v) = −a1v + a3v3. (29)
Next, we deﬁne the function of the switch. The orbit is trapped within two half-planes, H and B,
and changed at their boundaries:
H = {(i, v) ∈ R2 | v > h},
B = {(i, v) ∈ R2 | v < b},
∂H = {(i, v) ∈ R2 | v = h},
∂B = {(i, v) ∈ R2 | v = b}.
(30)
Assume that b > h. Then, the half-planes H and B have an overlapped region: h < v < b.
Two positions of the switch are interchanged each other on the boundaries. That is, if the ﬂow on
H reaches ∂H, then it changes into the ﬂow on B. In the same way, if the ﬂow on B reaches ∂B, then
it changes into the ﬂow deﬁned on H. Assume that the solutions on H and B are deﬁned as follows:
H
{
i(τ) = ϕ0(τ, i, v,E1)
v(τ) = φ0(τ, i, v,E1),
(31)
B
{
i(τ) = ϕ1(τ, i, v,E2)
v(τ) = φ1(τ, i, v,E2).
(32)
The behavior of the trajectory is sketched in Fig. 3.
Next, we choose the following parameters:
L = 50[mH],C1 = 0.1[µF ], E1 = 2.04[V],
E2 = 5.19[V], r = 70.72[Ω], Vref = −1.16[V],
R0 = 0[Ω],R1 = 986[Ω],R2 = 280[Ω],
R3 = 35.3[kΩ],R4 = 150[kΩ],
h = −2.61[V], b = −0.26[V], a1 = 2.145× 10−3, a3 = 6.9× 10−5,
(33)
the orbit of the circuit is a chaotic attractor, as shown in Fig. 5 (a), and also in Fig. 6 (a) of
[Kousaka et al., 1999].
In this paper, we choose E2 ∈ R as the control parameter. We study the control of the UPO in
by both numerical and experimental simulations, as will be shown below.
3.2 Design of a controller in the Alpazur oscillator
In this subsection, we explain the control method for stabilizing the unstable 1-periodic orbit.
We deﬁne the local sections Π0 and Π1 by using the scalar functions q0 and q1:
Π0 = {w ∈ B | q0(i, v) = v − b = 0}
Π1 = {w ∈ H | q1(i, v) = v − h = 0}
(34)
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The local mappings are naturally deﬁned at the break points Π0 and Π1:
T0 : Π0 → Π1
i∗0 → i∗1 = ϕ0(τ0, i∗0, v∗0 , E∗1)
v∗0 → v∗1 = h
T1 : Π1 → Π0
i∗1 → i∗2 = ϕ1(τ1, i∗1, v∗1 , E∗2)
v∗1 → v∗2 = b.
(35)
Then, we can deﬁne the Poincare´ mapping as follows:
T = T1 ◦ T0. (36)
With the projection p and the parameterization p−1 deﬁned by
p : Π0 → Σ0, x∗0 =
[
i∗0
v∗0
]
→ w∗ = i∗0,
p−1 : Σ0 → Π0, w∗ = i∗0 → x∗0 =
[
i∗
b
]
,
(37)
the Jacobian of the Poincare´ mapping is obtained as follows:
A
′
= DT (w0) =
∂p
∂x
∂T
∂x∗0
∂p−1
∂w
=
(
∂ϕ0
∂i∗0
− F0
G0
∂φ0
∂i∗0
)(
∂ϕ1
∂i∗1
− F1
G1
∂φ1
∂i∗1
)
.
(38)
Finally, we construct the following state feedback u(k) ∈ R:
u(k) = C
′
(i(k) − i∗), (39)
where C
′
is the control gain. Using this controller, the orbit can be stabilized due to the linear control
technique with stable pole assignment.
The location of the UPPs, their multipliers, and the control gains are shown in Table1.
In this example, we place the poles to realize dead-beat control. The response of the control signal
and the behavior of the controlled Alpazur oscillator is sketched in Fig. 4.
Note that the characteristic multiplier on the local section Π0 of the target orbit is bigger than
unity (see Table 1). Thus, in the simulation ﬁgure, when the chaotic attractor (the controlled orbit)
exists around the UPO (the target orbit), the term u(k) is always added to the control parameter as
a perturbation. However, if the position of the switch is b, the controller is turned oﬀ, because we
choose E2 as the control parameter in this situation.
3.3 Numerical and experimental results
Using the information of Section 3.2, we consider the control of chaos by means of both numerical
simulation and experimental circuitry.
The control unit is easily realized by the window comparator, sample-hold circuits, and so on.
Figure 7 shows a circuit realization of the control unit. We connect the inductor with the resistor r
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and we control the voltage value. First, since the current value is small, we amplify it by using the
microscopic signal ampliﬁer. Next, the input voltage is sampled by the sample-hold circuit at every
cycle. The output voltage uk of the sample-hold circuit is subtracted with the unstable ﬁxed point i∗.
Finally, the output voltage uk sums the DC voltage E2 with the summing ampliﬁer. As a result, we
can generate the state feedback uk + E2.
Now, the system has a chaotic attractor until the orbit visits the vicinity of the unstable ﬁxed
point (see Fig. 5 (a) and Fig. 6 (a)). After that, the state feedback given by Eq. (39) is added to
the control parameter E2 when the orbit visits the neighborhood of the unstable ﬁxed point, namely,
when the following condition is satisﬁed:
||i− i∗|| < δ. (40)
where δ should be suﬃciently large unless the linearization is invalid.
We chose δ = 0.1[mA] in this example. Figures 5 (b) and (c) show the computer simulations of
the stabilized 1- and 2-periodic orbits, respectively. In the same way, the unstable 1- and 2-periodic
orbits in the chaotic attractor are stabilized in laboratory experiments (see Figs. 6 (b) and (c)).
The above target orbit is a chaotic attractor generated via cascading the period-doubling bifur-
cations. When the parameter E1 decreases from this area, the chaotic attractor changes to another
chaotic attractor via global bifurcation [Kousaka et al., 1999]. Figure 8 (a) shows this chaotic attrac-
tor.
Finally, we control the unstable 1-periodic orbit in the attractor, but we ﬁx the location of the
unstable 1-periodic orbit and the control gain as shown in Table 1. In this case, the chaotic attractor
is also stabilized to a 1-periodic orbit, as shown in Fig. 8 (b). Figure 8 (c) shows the transition from
the chaotic attractor to the 1-periodic orbit.
From the experimental results, we found that the control is robust within about 10 percent per-
turbation to the input voltage E2.
4 Concluding Remarks
We have proposed and investigated an eﬀective control method for stabilizing the chaotic attractor
to UPOs in a nonlinear dynamical system containing a state-dependent switch. We have derived a
composite mapping as the Poincare´ mapping and designed the controller in the (n − 1)-dimensional
local section. As an example, we have considered the task of controlling chaos in the Rayleigh-type
oscillator with a state-dependent switch. The unstable 1- and 2-periodic orbits were stabilized by the
designed controller, and were veriﬁed by both numerical simulation and laboratory experiment.
In this paper, we only dealt with the two-dimensional piecewise nonlinear systems. However, this
control method can be applied to general interrupted electric circuits. We are currently applying
the method to higher-dimensional systems (circuits) and investigating its stabilization capability and
performance.
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Table 1: Properties of the UPPs, characteristic multiplier, and control gain C
′
Period Location of the UPPs Characteristic Control
in Σ0.(v∗ = −0.26[V]) multiplier gain C ′
1 −2.041[mA] −1.65 55699.5
2 −1.51[mA] −2.08 −21419.6
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